In this paper, we study the Faber polynomials F"(z) generated by a regular m-star (m = 3, 4, ... ) Sm = {xcok ; 0 < x < 41/m , fc = 0,l,...,iw-l, wm = 1}.
Introduction
Let E be a compact set (not a single point) whose complement C*\E with respect to the extended plane is simply connected. The Riemann mapping theorem asserts that there exists a conformai mapping w = O(z) of C*\E onto the exterior of a circle \w\ = pe in the u>-plane. For a unique choice of pe , we can insist that <P(oo) = oo, O'(oo) = 1, so that, in a neighborhood of infinity, be the inverse function of w -<P(z). Thus, *¥(w) maps the domain \w\> pE conformally onto C*\E . Faber [2] proved that 0.3) A-Ê3&-N>*.x«.
v ' n=0
The Faber polynomials play an important role in approximation theory and geometric function theory. It can be shown that, under suitable conditions, a function analytic in the inner domain of a Jordan curve J can be expanded into a series of Faber polynomials that come from the mapping function of the outer domain of J (cf. [1] ).
The explicit construction of the Faber polynomials of a given set E depends essentially on the knowledge of the mapping function <P(z). For £' = [-2,2], we know that O(z) = (z + %/z2 -4)/2 with inverse 0(tt;) = w + \/w . For n > 1, the polynomial part of {d>(z)}" is the same as the polynomial part of 0"(z) + 0-'!(z) = w" + w~", which reduces to 2cos«ö, when w = e'e. Thus the Faber polynomials are (apart from a multiplicative constant) the same as the classical Chebyshev polynomials T"(x) for [-2,2] .
The following properties for T"(x) are well known [7] : (i) For n > 1
[f] .. . By using the properties and characteristics of the Chebyshev polynomials as a motivation, we are able to compute an explicit representation for F"(z). In addition, the F"(z) are found to be a family of solutions to a class of second-order hypergeometric differential equations when n = 0 (mod m). We also found that the zeros of F"(z) when n = 0 (mod m), or n = y (mod w) if m is even, are located on Sm . The asymptotic behavior of the zeros of F"(z) is also determined explicitly. Numerical results for the zeros of F"(z) will be given in §3.
Main results and proofs
As we shall see, the Faber polynomials for Sm with m > 2 enjoy certain properties that are similar to those satisfied by Chebyshev polynomials. Our main results in this direction are the following:
Theorem. Let F"(z) be the Faber polynomials of Sm of degree n. Then (i) For n > 1, (iv) For n> 1, the zero distribution of F"(z) for Sm is given by
One can see that the above theorem generalizes (1.4), (1.5), and (1.6) when m = 2. We now proceed to prove our theorem. Noticing that |tu| > 1 , we have
Proof of (i). It is known
where
Thus, the coefficient of ¿ is given by Proof of'(iv). In order to prove (iv), we first develop some notation. The term "capacity" means inner logarithmic capacity (cf. [8, p. 55]). For any set £cC, the capacity of E will be denoted by C(E). If E is a compact set with positive capacity, then pg shall denote the unique unit equilibrium measure on E with the property that We now prove the following lemma.
Lemma. Let E be a compact subset (not a single point) whose complement C*\E is simply connected. Assume that E has empty interior. Then the asymptotic distribution of zeros of Faber polynomials F"(z) coincides with the equilibrium measure of the set E. More precisely, the normalized zero distribution measures v(Fn) converge in the weak-star topology to pe ■ Proof. By Theorem 2.3 in [6] , we need only to prove that Faber polynomials are an asymptotically minimal norm sequence of monic polynomials, that is,
where Pe is the equilibrium distribution of E. It is known from [5, p. 108] that for r > 1, \mz)\«<\Fn(z)\<\\<S>(z)\\ where z is on or exterior to Cr = {|0(z)| = r}. For n large enough we know that (2.8) Hi^lU < ll^»llcr < fr".
Taking the nth roots in (2.8), we get ||F"||£ < (2)ll"r, so we have limsup||F"||^"<r.
n->oo
Letting r -> 1, we get (2.7). D
We now go back to prove (iv). Clearly, the w-star has empty interior. According to our lemma, we know that the limiting distribution of the zeros of Faber polynomials associated with Sm coincides with equilibrium measure dp*(t) for Sm . We now determine dp*(t). Define *:= f tkdp*(t), fe = 0,l We now compute the /cth moment Mk from (2.10). Let Thus, dp*(t) = dp(t), where dp(t) is defined in (2.3). D
We have completed the proof of the theorem. The situation for obtaining the locations of the zeros of F"(z) for every n is not so favorable. However, supported by (iii) in our theorem, and numerical experiments, we formulate the following.
Conjecture. The zeros of Faber polynomials generated by the regular m-star Sm (m = 3, 4, ... ) are located on Sm for every n > 1. Step 2. Compute the coefficients of F"(z) by using (3.3).
Step 3. Find the zeros of F"(z).
Step 4. Plot the zeros in the complex plane. We now apply the algorithm to compute the zeros of F"(z) for Sm . The results are shown in Figures 1-6 License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
